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Abstract. There is a canonical mapping from the space of sections of the bundle 
AT*M ® STM to n(T''M;T{T*M)). It is shown that this is a homomorphism on 
n(M; TM) for the Prolicher-Nijenhuis brackets, and also on r{STM) for the Schouten 
bracket of symmetric multi vector fields. But the whole image is not a subalgebra 
for the Frolicher-Nijenhuis bracket on 0(T*M; T(r*M)). 
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1. Introduction 

It is well known that there are several extensions of the bracket of vector fields 
on a smooth manifold M. In particular, the Frolicher-Nijenhuis bracket extends 
the bracket of vector fields to all vector valued differential forms on M, i.e. to 
H I i^{M; TM). Another classical extension is the Schouten bracket, this is an extension 

of the bracket of vector fields to all symmetric multivector fields, i.e. to T{STM). 
The Schouten bracket has a natural interpretation in terms of Poisson bracket. 
Indeed, there is an obvious isomorphism w* of the algebra T{STM) on the algebra 
of smooth functions on T*M which are polynomial on the fiber. On the other 
hand there is a natural symplectic structure on T*M and the Schouten bracket 
corresponds just to the Poisson bracket under the above isomorphism. 
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2 M. DUBOIS-VIOLETTE, P. MICHOR 

It is very natural, and it is the aim of this paper, to try to find a common 
generahzation of the two above brackets. 

Let us give an example of problem where such an extension could be welcome. 
Suppose that M is equipped with a riemannian metric g and let g denote the corre- 
sponding contravariant symmetric two-tensor field. Then, tt* [g) is the hamiltonian 
of the geodesic flow on T*M and the symmetric tensor fields S satisfying [5, 5] = 
correspond to functions on T* M which are invariant by the geodesic flow; such 
symmetric tensor fields are called Killing tensors. These Killing tensors form a 
Poisson subalgebra of V{STM). Now if S* is a Killing tensor of order fc; then it is 
not hard to show that only its covariant derivatives of order not greater than k are 
independent, i.e. its covariant derivatives of order greater than k are linear combi- 
nation of the one of order not greater than k with coefficients which are covariant 
expressions in the curvature tensor. This implies in particular that the equations 
[g, S] ^ Q have a lot of integrability conditions and, since these integrability con- 
ditions are always consequence of d? = 0, it is natural to introduce the algebra 
f2(M; STM) of symmetric multivector valued forms to analyse them. This algebra 
is a graded-commutative algebra for the graduation given by the form-degree and 
on this algebra there is a nice algebra of graded derivations associated with the 
metric. Is is generated by three antiderivations, V, (5g,(5' where V is the exterior 
covariant differential corresponding to the Levi-Civita connection, 5g is the unique 
C°°(M)-linear antiderivation such that 5gX e n^{M) for X e r{TM) is the one- 
form Y ^ 5gX{Y) = g{X,Y) and Sgil^iM) = 0, S'g is the unique C°°(M)-linear 
antiderivation such that (5^r(TM) = and S'gUj e r(TM) for uj e n^{M) is the 
vector field obtained by the contraction of g with w. One has: 6g — 0, S'g — 0, 
SgS'g + 6gSg equals the total degree in form and tensor, V6g + SgV = (because V 
is torsion free) and the derivation D = VS' + 5'\7 is an extension to il,{M; STM) 
of the Schouten bracket with g. So it is natural to try to construct a bracket on 
i^{M; STM) extending the Schouten bracket for which D is the bracket with g. It 
is not difficult to construct such a bracket namely 

[a ® F, /3 ® G]v = L^^Fi0)G - {-l)^''Lj^a{o^)F + a A /3 [F, G] 

for a e n^iM), (3 £ f7^(M), F, G G T{STM) with 

for UJ G Q,{M) and where the generalised insertion i is defined by 



k 



ia(^Xi\/--\/Xk {uj) ^y^ a Mx,{uj) ® XiV . . .Xr ■ ■ -y Xr 



(the hat meaning omission of this element). 

More generally if V is any torsion free linear connection on M , the above for- 
mula defines a bracket [ , ]v which is an extension to Vt{M\ STM) of both the 
Schouten bracket and the Frolicher-Nijenhuis bracket. Furthermore, this bracket is 
a graded derivation in each variable, it is also graded antisymmetric but unfortu- 
nately it does not satisfy the graded Jacobi identity. 
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In this paper we shall follow another way: we first send f7(M; STM) in ^{T*M) 
by using the isomorphism tt*, then we use a construction introduced by one of 
us [5] to send it in Vl{T*M]T{T*M)) in which there is the Frolicher-Nijenhuis 
bracket and we show that this gives injective homomorphisms of graded Lie algebras 
for the Frolicher-Nijenhuis bracket on Q,{M]TM) and the Schouten bracket on 
T{STM). But the common generalization of these two brackets does not exist on 
the space Vt{M; STM), only on Vl{T*M; T{T*M)). This is similar to the common 
generalization found by Vinogradov [14,1] of the Frolicher-Nijenhuis bracket and 
the skew symmetric Schouten bracket on r(ATM), which exist only on a quotient 
of a certain space of 'superdifferential operators' on fi(M). 

2. The Poisson bracket for differential forms 

2.1. Frolicher-Nijenhuis bracket. For the convenience of the reader we review 
here the theory of graded derivations of the graded commutative algebra of differ- 
ential form on a smooth manifold M . See [2] and [3] for the original source, and [6] 
or [4], sections 8-11, as a convenient reference, whose notation we follow here. 

The space Der(r2(M)) of all graded derivations of the graded commutative alge- 
bra of differential forms on M is a graded Lie algebra with the graded commutator as 
bracket. In the following formulas we will always assume that K G VL^{M]TM) = 
T{K^T*M®TM), L e n\M-TM), lo e r2«(M). The formula 

{iKUj){Xi,... ,Xfc+,_i) = fc!(g-i)! X! sign(q-)t^(i^(^<Ti, ■ ■ ■ , X„k),X„(k+i), ■ ■ ■) 

a 

for Xi € X{M) (or T^M) defines an graded derivation ix G Derfc_i J7(M) and 
any derivation D with D\n°{M) = is of this form. On fi*+i(M,TM) (with the 
grading *) a graded Lie bracket is given by [K,L]^ = ikL — {—ly^^^^^^^^hLK 
where iK{ip ® X) := ixW <8> X, which satifies i{[K,L]^) := [ixj^i]- It is called 
the Nijenhuis- Richardson bracket, see [11]. 

The exterior derivative d is an element of Deri n{M). We define the Lie deriva- 
tion Ck = C,{K) G Der/ji7(M) by Ck '■= [iK,d]. For any graded derivation 
D e Derferj(M) there are unique K e Vl^{M;TM) and L e Vt^+^{M;TM) such 
that D ^ Ck + ih- We have L = if and only if [D, d] = 0, and D\n^{M) = if 
and only if iC = 0. Clearly [[Ck, CL],d] = 0, so we have [C{K),C{L)] = C{[K, L]) 
for a uniquely defined [K,L\ G VL^^\M\TM). This vector valued form [K,L\ is 
called the Frolicher-Nijenhuis bracket of K and L. It is well behaved with respect 
to the obvious relation of /-relatedness of tangent bundle valued differential forms, 
where f : M ^ N. For k = I = it coincides with the Lie bracket of vector fields. 
Let the degree of uj be q, of (p be k, and of -ip be £. Let the other degrees be as 
indicated. Then the following formulas hold 

(1) [Ck^il] ^ t{[K,L]) - {-1)'''C{ilK) 

(2) i{Lj AL) =LJ Ai{L). 

(3) C{ujAK)=ojACk- {-iy+''-^i{duj A K). 

(4) [lj AKi,K2] =LoA[Ki,K2] - {-1)'-'^+^^^^^ C{K2)uJ A Ki 

+ {-iy+'''dujAi{Ki)K2. 
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(5) [ipi»X,il;i»Y]=fAipCi)[X,Y] + ipA Cx'4' ® F - Ly^P A ^ ® X 

+ (-1)'' {df A ix'ip ®Y + iY(p AdtpC^X). 

2.2. Poisson manifolds. Let {M,p) be a Poisson manifold, that is a smooth 
manifold M together with a 2-ficld p e r(A^TM) satisiying [p, p] ~ 0, where [ , ] 
is the Schouten-Nijenhuis bracket on r{A*~^TM), see [7] and [12]. Then p induces a 
skew symmetric differential concomitant on C°^{M, M) given by {/, g}p = p{df, dg). 
The Jacobi identity for this bracket is equivalent to [p, p] — 0, see [7], 1.4 for a nice 
proof. Here we view p as a skew symmetric biliear form on T*M, but also as a 
vector bundle homomorphism p : T*M ~> TM. 

It is well known that for a symplectic manifold (M, uj) with associated Poisson 
structure p — lo^^ : T*M ^> TM we have the following exact sequence of Lie 
algebras: 

(1) -> H^{M) -^ C°°{M,R) ^ X^(M) ^ H^{M) -^ 

Here H*{M) is the real De Rham cohomology of M, the space C°°{M,R) is 
equipped with the Poisson bracket { , }p, X(^(M) consists of all vector fields 
^ with C(^u) = (the locally Hamiltonian vector fields), which is a Lie algebra for 
the Lie bracket. Also Hf is the Hamiltonian vector field for / G C°°(M, M) given 
by Hf = p{df), and 7(^) is the cohomology class of i^uj. The spaces H^{M) and 
H^{M) are equipped with the zero bracket. 

2.3. The graded Poisson bracket for differential forms. In [5] the exact 
sequence 2.2.(1) has been generalized in the following way. It was stated there 
for symplectic manifolds, but the proofs there work without any change also for 
Poisson manifolds. 

We consider first the space rj(M; TM) = T{A*T*M (g) TM) of tangent bun- 
dle valued differential forms on M, equipped with the Frolicher-Nijcnhuis bracket 
[ , ]. We first extend p : T* M ^ TM to a module valued graded derivation of 
degree —1 by 

(1) p:n{M)^n{M;TM), 
p\n°{M)^0, andfoT ip,en^iM)hy 

k 

p{(pi A--- A(pk)^ ^(-1)'" Vi A . . . (pi ■ ■ ■ A (fk «> p{(pi). 

i=l 

Then we have the Hamiltonian mapping 

(2) H ■.n{M)^n{M;TM), 

H{i;) : = p(d^), 
fe 
H{fo d/i A • • • A dh) = Y.^-iydfo A...df,---Adfk<»Hf^. 

i=0 
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Theorem. [5]. Let {M,p) be a Poisson manifold. Then on the space il{M)/B{M) 
of differential forms modulo exact forms there exists a unique graded Lie bracket 
{ , }p, which is given by the quotient modulo B{M) of 

W,'>PVp = i{H^)dip, or 

(3) {/o rf/i A • • • A dfk,ga dgi A ■ ■ ■ A dgij^ = 

= '^{-'^Y^^ {ft, 93} P dfoA...df^---AdfkAdgoA... dgj ■■■ A dgk, 

such that H : Q{M)/B{M) -^ fl{M;TM) is a homomorphism of graded Lie alge- 
bras. 

If p = uj^^ for a symplectic structure oj on M then we have a short exact sequence 
of vector spaces 

(4) -^ H*{M) -^ n{M)/B{M) ^fi£^=o(M; TM) -^ 

where T{Ei^) is a space of sections of a certain vector bundle and where the space 
^Ciaj=o{M'tTM) is the graded Lie subalgebra of all K G D,{M;TM) such that for 
the Lie derivative along K we have Ck^ = 0. We also have the exact sequence of 
graded Lie algebras 

(5) ^ H*{M) -^ n{M)/B{M) ^ n^{M;TM) -> H*+^{M) -^ 

where now ^^(M;TM) is the graded Lie subalgebra of all K e ft''(M;TM) such 

that for the Lie derivative along K we have Ck^ = and K + ^ '^ — p{iKUj) ~ 0, 
and where on the De Rham cohomology spaces we put the brackets 0. 

See [5] for the proof of this theorem and for more information. The step from 
the sequence (4) to (5) was noticed in [8]. Parts of this theorem were reproved by a 
different method in [1]. We just note here that on Q.{M) itself the bracket { , }^ 
is graded anticommutative, but does not satisfy the graded Jacobi identity, whereas 
a second form, {(^,i/)}^ — Ch{ip)4'j satisfies the graded Jacobi identity but is not 
graded anticommutative, and they differ by something exact. 

3. The Frolicher-Nijenhuis bracket on Vt{T*M;T{T*M)) 

3.1. Let M be a smooth manifold. We consider the cotangent bundle tt : T*M — > 
M, the LiouviUe form Qm e 9}{T*M), given by Qnii) = {■^T'mS„T{ttm)-Otm, 
and the canonical symplectic form lom — ~dQM- 

The space T{STM) of symmetric contravariant tensorfields carries a natural 
differential concomitant which was found by Schouten [13] and which for Xi,Yj G 
X(M) and for f,ge C°°(M,R) is given by (see [7]) 

(1) [.f,g] = o 



= ^[X„ Yj]\/XiV ...X,---VXkVYiV...Yj---VYi, 

i,3 

[f,Y,y---yYi] = Y,df{Yj).Y^y...YyyYu 
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Obviously T{S*^^TM) is a Lie algebra (with grading *, but not a graded Lie 
algebra). Any symmetric multivector field U G T{S^TM) may be viewed as a 
function on T*M which is homogeneous of degree k on each fiber. So we have a 
linear injective mapping 

TT* : V{S^TM) -^ C°^{T*M,R) 
{tt*U){^) ^ {^\U)tm 

It is well known that it* is a homomorphism of Lie algebras, where on C°° {T*M, M) 
we consider the canonical Poisson bracket { , } induced hy p — lo^j . See also 
3.5.(2). 

3.2. We consider the puUback tt* : f7(M) -^ n{T*M), and we extend it to the 
linear mapping 

TT* : r{A''T*M S^TM) -^ Vt''{T*M), 
(1) (7r*A)^(Ci, . . . , 6) - (^ V • • • V ^, A(r7r.ei, . . . , TT,.^k))TM. 

The space V{KT*M®STM) = 0^ ^ T{K^T*M ® S''TM) is a graded commutative 
algebra with respect to the degree 'fc, and tt* : T{AT*M (g) STM) -^ Vt{T*M) is 
obviously a homomorphism with respect to the 'wedge' products. In the following 
we will have always write tt* in front of any tensor field on M which contains vector 
field components, but we will suppress it if we consider puUbacks of functions or 
differential forms to T*M. 

Lemma. 

(2) For each fc > and for I > the mapping 

h : V{k^T*M ® S'TM) -^ n''{T*M) -^ —j^ { -^ n^{T*M; T{T*M)) 



Bk(T*M) 



is injective. 
(3) For I = the mapping 



n{M) ^ n{T*M) 



n{T*M) 



B{T*M) 
induces an injective linear mapping 

n{M) n{T*M) 

B{M) ^ B{T*M)' 

(4) Let I S X(T*M) be the vertical homothetic vector field on T*M , given hy 
I{f) — ■^\it(f. Then for each I > the image of the linear mapping 

n* : T{h^T*M ® S^TM) -^ n''{T*M) 

is the subspace consisting of all horizontal differential forms $ G fl{T*M) 
which satisfy Ci^ — /.$ 
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Proof. Since t: : T* M ^ M is a homotopy equivalence with hoinotopy inverse 
the zero section, the puhback operator induces an injective hnear mapping tt* : 
n{M)/B{M) -^ n(T*M)/B{T*M). This proves (3). 

Now let 7^ ^ e T(A^T*M (g) S^TM). We consider the vertical vector field 
/ e X{T*M), I{ip) = vl{ip,ip) = §t\it(p. The flow of / is given by the vertical 
honiotheties Fl[((/?) = e*ip, we have (Fl[)*7r*A = e'*7r*A, and thus 

iidTr*A + = CiTT*A = ddt\o(Fll)*TT*A = ddt\ae^*T:*A ^ It:* A 

which is not for / > 0. Since p : n>°{T*M) -^ n{T*M; T{T*M)) is injective, (2) 
follows. 

We also conclude the inclusion C in (4). Since the assertion is local on M, for the 
converse inclusion 3 we may use local coordinates oti T*Q C as in the beginning 
of the proof of lemma 3.3. Then I\Q — 'YliPiW~ ^^^ ^^y horizontal form is a 
sum of expressions like $ = f{q,p)dq'^^ A • • • A dq""" e VL'p{T*Q). Then £/$ = /.$ 
means Cif = l.f from which we conclude that in multi-index notation we have 
fil^P) — X]|a|=i fa{<l)p'^ , which implies the result, since we use a partition of unity 
on M. D 

3.3. Lemma. Collection of formulas. In the following X,Y E X(M) are 
vector fields, (p G nP{M), ijj G VLiiM), K G n^{M-TM), L G n'{M;TM), and 
f G r2°(M). Then the following formulas hold on T*M. We drop tt* in front of 
pullbacks of differential forms. 



(1 
(2 
(3 
(4 
(5 
(6 
(7 
(8 
(9 
(10 

(11 
(12 

(13 

(14 
(15 
(16 



[hX,hY] = h[X,Y]. 

[pip, pip] — 0, thus also [hip, pip] — [pdip, pip] — 0, etc. 

[hX,pip] — pCxP, so also [hX,hip] ~ [hX,pdip] — hCxP- 

ip^'ip — and ip^ppip = 0, so also Cpipip = 0, etc. 

Cp^TT*X — —ixip, so also Chipi^* X — —ixdip. 

ChKf = ^xf, SO also ChK^ = Cxip- Similarly ihxV = iKV- 

[hL,hf]^hCLf. 

ChKTr*L = TT*[K, L] + (-l)('=-i)'rf7r*(ziif ). 

dChKTT*L = {-l)^ChKdTT*L = d'K*[K,L]. 

ipTT'K'ip = 0, so also CpTT'Kip — 0- 

Cp^.K7T*L= -{-1)(''-^^'tt*ilK. 

ihKTT*L = TT*iKL. 

ihKd-K*L ^ TT*[K,L] - {-lfdTi*{iKL + (-l)^^-!)^-!)*^^). 

ih(xptp = -pix-p- 

Ch^TT*L = -(-l)P'zid^. 

[pT:*K,hilj] = piixdip) - {-lYihRhip. 



Proof. Let us fix local coordinates g^ , . . . , g™ on an open subset Q of M and induced 
coordinates q^,Pj on T*Q C T*M, so that the Liouville form 8|r*Q = J^Pi^Q^ 
and the symplectic form is given by a; = — dO = ^ dq^ A dpi. We have 

w(4^) = dpi p{dpi) = ^ 

a>(^) = -dq^ p{dq^) = -^ 
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SO that for / G C°°{M,R), ip e nP{M), and X e X(M) we get the foUowing local 
formulas on T*Q C T*M: 

hf = pidf) = -J2§l^^ 

= J2 ^01-3, A<lW' A • • • A dq^- ® ^ 

From this (1) and (2) follow by straightforward computation, whereas (3) follows 
from contemplating 2.1.(1). 

(3) then can be proved as follows: 

[hX, pifodh A • • • A dfp)] = Chx f ^(-1)^- Vo4fi A • • • A pdf, A • • • A d/p J 
= /:,,x.fo. E(-l)'"M/i A • • • A /i/, A • • • A d/p 

i 

+ J2 i-'^y^'fo-dfi A • ■ • A Chxdfj A---Ahf,A---Adfp 
+ Y.^-iy'^k-dh A • • • A Chxhf, A---Adfp 

i 

+ J2 (-l)*"Vo.4fi A • • • A /i/, A • • • A Chxdf, A---Adfp 
^p{Cx{fodhA...dfp)), 

where we also use the following special cases of (3), which are immediate from the 
local formulas: 

^^xf={-j:^P.4:: + j:x^^)f = Cxf 

Chxdf = dChxf =■ dCxf = Cxdf 

Chxhf =[-Yl w^pi'w:: + Yl ^'w' ^ J2 w"&_ 

= hCx! = pt^xdf. 

(5) is seen as follows: 

^{Pihdh A • • • A dfp))n*X = i{p{hdh A • • • A dfp))d7:*X + 
= i ( ^(-l)'-\/odfi A . . . rff, • • • A rf/p ® /i/. J dTT*X 
= ~Y.^-^y'^ Ml A • • • A ixdh A • • • A d/p = -txifodfi A • • • A d/p) 
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where we use the special case 

= -Cxf = -ixdf. 



For the proof of the remaining formulas we assume that K — ip iS) X ior ip € 
n^{M) with d(^ = 0, and L = V «> 1" for V G Vl\M) with d-0 = 0, where X,Y & 
X(M). We may do this since locally Q.{M\TM) is linearly generated by such 
elements. We will use the formulas of 2.1 without explicitly mentioning them. 
Under this assumptions we have 

h{if®X)^ pdn* {ip (g) X) ^ -diT* X A pip + LP A hX 
C{ip(g)X) ^pACx- 



(6) follows from (4) via 

^hK.f — ihKdf = i {—dTr*X A pp + p A hX) df 
= —dTr*X A ipipdf + p A ihxdf 
= + (/3 A ixdf = iKdJ = CkJ 

Then we get in turn 

ihKifodfi A • • • A dfp) = E(-l)'~\/o#i A . . . ihKdft ■■■ Ad/p® hf^ 

i 

= iK{.fodfi A--- Adfp), 
ChKdf = {-itdChKf = i-lfdCKl = CKdf, 
jC-hKifodfi A--- Adfp) = ChK.fo-dfi A--- Adfp) 

+ Y.^-^yfodfi A... ChKdf, • • • A d/p ® hf, 

i 

^CKifodfi A--- Adfp). 

(7) can be seen as follows, using (3), (2), and (5): 

[hL, hf] = [h{tP (8 Y), hf] ^[tP AhY - dTr*Y A pV, hf] 
= V' A [hY, hf] - Chftp AhY -0 

- d'K*Y A [pV, hf] + ChfdTr*Y A pip + 
= V A hCyf - diydf A pip ^ h{ip A Cy f) = hCLf 
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(8) We start with the foUowing computation, using (4), (5), and ihxip = ixip- 

ChKT^*L = ihKdn*L - {-l)^^'^ dihRi^* L 

= i {-dTT*X A pip + LP h hX) ((-1)V A dTT*Y) 

+ (-l)''^ i {-dTi*X Apip + ipAhX){ijA TT*Y) 
= -(-iydTT*X A ip^ip A d-K*Y - {-lf+'^^-^^^d-K*X AtpA ip^dTT*Y 

+ (-l)V ^ ihxi' A dTT*Y + p Alp A ihxdTT*Y 

+ i-l)''d {-d7r*X A ip^ij A t:*Y + p> A iuxi^ A 7r*r) 
= + {-1)^''-^^Ut:* X A -0 A iy(^ + (-l)V A ixi^ A dT:*Y 

+ ip All) ATT*[X,Y] + Q + ip A dixip A 7r*y - (-1) V A ixip A di:*Y 
^ip Alp ATT*[X,Y] + ip A dixip At:*Y - {-if+^iyip Atp A dTT*X, 

where we also used 



ChxTr*Y = ihxdTT*Y 

= ^ (- E i^^^ air + E ^^4^) (E f^p^^'^" + E ^''^^^ 

Then we get 

n*[K,L] ^n*[tp(^X,iP(dY], use now 2.1.(2) 

= tpAtp An*[X,Y] + tp A Cxtp Att*Y - Cyip Alp A'K*X + + 0, 
ChKTr*L-T:*[K,L] = diyipAip Att*X - {-l)''+^iYtp Atp AdTT*X 

= ^((-l)^^-!)^ A iY<P A t:*X) = (-l)('=-i)'d7r*(uX). 

(9) foUows from (8). 

(10) i{pTT*K)lP = i{TT*X.pip)lP = Tl*X.ip^'4) = 0. 

(11) We compute in turn 

>Cp^*K7r*y = i{T^*X A pip)dTr*Y = tt* X A Cp^TT*Y = -n* X A iy^p = -7r*iyK 
Cprr*K'^*L = Cp-^.k{t^*Y Alp) = Cp.„*KT^*Y Aip + tt*Y A Cp-^^K^ 

= -'K*{iyK) Aip + 

(12) We have in turn 

^,x7r*L = ^[-Y^|fp,^ + ^X^^){^PAn*Y) 

= ix'ip A 7r*y = Tr*ixL, 
ihKTr*L = i {-d7:*X A pip + ip A hX) {iP A Tr*Y) 

= -dTT*X A ip^ip A TT*Y + ip A ihxi^ A t:*Y 
= + Lp A ixip A TT*Y = -k^ikL. 
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(13) From (8) we get 

ihKdTT*L ^ ChKi^*L + {-1)'^^^ dihKT^* L 

(14) We just compute 

thxpilodfi A • • • A 4f,) = ihx [^{-iy-\fodfi A • • • A /^/, A • • • A d/,) 

= 5I(-l)''^''/o'^/i ^ • ■ ■ ^''^'^^ A---AhfjA---Adfg 

+ I^(-l)'+-'"\/o#i A---Ahf,A---hxdhA---A dfg 
k>j 

= -pixifodfi A--- Adfg). 

(15) This is an easy consequence of (4) and (5), namely 

Ch^7r*L = Ch.A'^ A TT*Y) = + (-I)pV A Cl^i*Y 
= -(-1)pV a iyf = -{-ly^Ldf. 

(16) This can be seen by summing the foUowing evaluations. 

[fm*K, hip] = [/57r*((^ (g) X), hijj] = [pip.7:*X, hip] 

^ TT*X A [p<fi, hiP] - {-iy''-^'>''Ch^TT*X Apip + {-iy-^dTT*X A ip^hiP 
^ pip A ixdip, 
p{iKdtp) = p{<p A ixd^p) ~ pip A ixd^p + (—1) if A pixdip, 
ikxhip — i{—d'K'*X A pip + ip A hX){pdtp) 

= —d7r*X A ip^pdip + (p A ihxpdijj = — (p A ihxpdip- □ 

3.4 The extended insertion. For A G il^{M\ S^TM) we define now the insertion 
operator 

iA ■■ nP{M; S'^TM) -^ 9P+^-^{M; S'^+^-^TM) 
i{ip ® XiV ■ ■ ■ y Xk){y-J ®V) = ip A^ ix^ip «) Xi V . . . Xj • • • V Xfe V K 



This is a graded derivation of degree fc — 1 of the graded commutative algebra 
©m>o ^"(A^, STM) which vanishes on the subalgebra T{STM). 

Lemma. More formulas. For A e n''{M; S^TM), where I > 0, and ip e ^^{M) 
we have on T* M 

(1) Ch^n*A = -{-lY''n*iAdi^. 

(2) [pn*A, h^] = pTT*iAd^ - {-ifihAhip. 
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Proof. (1) We prove this by induction on /. For / = 1 this is 3.3.(15). For the 
induction we compute as follows: 

Ch^7:*{X A A) = Ch^T:*X A t:*A + 7r*X A Ch^tt* A 

= -ixd^P A Tr*A - (-!)«'= 7r*X A Tr*^^^^ 

= -(-iy''TT*(A A ixdi^ + X A iAdi}) = -{-iy^n*ixf.Adil}. 

(2) We use again induction on I. For I = 1 this is 3.3.(16). The left hand side 
equals: 

[pn*{X A A),htP] ^[tt*X A pn* A, h^j] 

= TT*X A [pTi*A, hilj] - {-l)'^^-^^'i Ch^pTT* X A pTT*A + {-if diT* X A ip^*Ahi; 

= TT*X A pTr*iAd'ip ~ (-l)''7r*X A Tr*ihAhip 

+ {-lY''-^^''ixdt^ A pTT*A + {-lfdTT*X A ip^.Ahi^ 

For the right hand side we get: 

pTT*ixAAdiJ - {-l)''ih(x/\A)h'(p = P'^*{X A iAdip + AA ixdip) 

- {-ifiihX A IT* A - dn*X A pTT*A + tt*X A hA)h^ 
— IT* X A pTT*iAdip + pir* A A ixdip — (—1) tt* A A pixdip 

- {-1)''tt*A a ihxhijj + {-lfdT:*X A ipn'Ahtp - (-1)'' + n*X A ihAhip. 
Using 3.3.(14) we see that it equals the left hand side. D 

3.5. Theorem. 

(1) The linear injective mapping 

h : T{AT*M ® TM) = n{M: TM) ^ n{T*M) ^ n{T*M: T{T*M)) 

is a homomorphism for the Frolicher-Nijenhuis brackets. 

(2) The linear mapping 

h : r{STM) ^ n{T*M) -^ n{T*M;T{T*M)) 

is a homomorphism from the symmetric Schouten bracket to the Frolicher- 
Nijenhuis bracket. The kernel of h is H^{M). 

(3) For differential forms ip,-!/) G Q{M) we have 

[hip, hiP] = 0. 

(4) For A e n{M; STM) and V' G Vl{M) we have 

[hA, hip] = hiAdip, where 

i{p(g)Xi\/ ■■■y Xk)ip -.^(pA i^ix,tl;(E)Xiy ...Xj---y Xk 

(5) FordimM > 2, m general [hn^^{M;S^^TM),hVL^^{M;S^^TM)] does not 
lie in the image of h, if ki,li > 1 and Z2 > 2 (or under the symmetric 
condition). 



FROLICHER-NIJENHUIS-SCHOUTEN BRACKET 13 

Proof. (1) We have to show that [hK, hL] ^ h[K, L] for K e n''{M; TM) and L e 
il^{M; TM) and we do this by induction on fc + L The case of vector fields k + l = 
is weU know, see 3.3.(1). Since the question is local on M and since n''~^^{M;TM) 
is locally linearly generated by df A K for / e n°{M) and K e 9}'{M;TM) it 
suffices to check that [hK,hL] ^h[K,L\ implies [h{df AK),hL\ = h[df AK,L\. We 
have 

h{df AK) = pd(df A TT*K) = -diT*K A hf + df A hK. 

Using twice 2.1.(4) we get then 

[h{df A K), hL] = df A [hK, hL] - {-1)^^+''^^ ChLdf AhK + 

- dTT*K A [hf, hL] + {-l)^^+'''>^£hLdTT*K A hf - 
= df A h[K, L] - {-l)^^+''^^CLdf A hK 
+ dTT*K A hCLf + {-lf^dTT*[L, K] A hf, 

where we used in turn induction, 3.3.(6), 3.3.(7), and 3.3.(8). On the other hand 
we have again by 2.1.(4) 

h[df AK,L]= pdTT* (df A [K, L] - {-l)^^+^^^ CLdf AK + {)\ 
= -hf A dTT* [K, L] + df A h[K, L] 

+ {-if^pCLdf A dTT*K + {-if^+^+^CLdf A hK, 

which equals the expression for [h{df A K), hL] from above. 

(2) This is well known, and easy to check starting from 3.3.(1). 

(3) is 3.3.(2). 

(4) First we prove a partial result. 

Claim. For K e n^{M; TM) and V e r2«(M) we have [hK, /iV'] = hCRil^ = hix^. 
To check the claim we use induction on g = degi/'. For g = this is 3.3.(7). 
Since the assertion is local on M it suffices to consider df Aip for the induction step. 
In the following computation we use 2.1.(4), induction, 3.3.(6), and 3.3.(7): 

[hK, h{df A -(/;)] = [hK, df A htP - d^p A hf] 

= {-l)''df A [hK, h^j] + Chxdf AhiP-0 

_ (-l)(9+i)'=d?A A [hK, hf] - ChKdi^ Ahf + 
= (-l)''df A hCKtp + hCKdf A h^ - (-l)(«+i)'=rfV A hCnf - C-Kdip A hf 

On the other hand we have by 2.1.(3) 

hCK{df Ai,) = h {{-l)''dCKf A^ + (-l)'4f A Ck^P) 
= p (dCnf Adi}- {-l)^df A dCx^) 
= -hCKf Adi} + {-l)^dCKf Ahijj- {-l)''hf A dCntp + {-l)''df A hLxi^, 

which equals the above expression. So the claim follows. 
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Now we can extend this result to A G Vl^{M]S^TM) by induction on I. For 
I = 1 this is the claim above. For the induction we compute first the left hand side, 
using 2.1.(4), the claim, 3.4, induction, and 3.3.(14) 

[h{X.A), hi)] = [hX A IT* A - dTr*X A pn*A + ti*X A hA, h^] 

= TT*A A [hX, hi^] - (-l)'"^Chi,TT*A AhX+ (-l)''dTT*A A inxhi/; 

- d7r*X A [pTT*A, hiP] + {-l)'"^Ch^d7r*X A pn* A - 

+ 7r*X A [hA, hijj] - i-l)'"^ Ch-4,Tr* X AhA+ {-l)''dn*X A ihAh^p 
= TT*A A hixdij] + TT*iAdip AhX - {-l)^dTi*A A pixdip 

~ d'K*X A piAdip - {-l)^''-^'^'^dixdiP A pn*A 

+ TT*X A hiAdip + {-if'^ixdii) A hA. 

The right hand side is 

hi{X A A)dtl) = h{A A ixdtp + X A iAdip) 

= p(dTT*A A ixdip + {-lf'K*A A dixdij} + d-n:*X A 'n*iAdil^ + it*X A d-K*iAdii) 
^ hAA ixdij} + {-l)'^dTT*A A pixdtl^ + (-l)''pTT*A A dixdijj + n* A A hixd^i 
+ hX A n*iAdi; - dn* X A p'n-*iAdijJ + n* X A hn*iAdip), 

which equals the left hand side. 

(5) By 3.2.(3) the image of tt* : n{M; S^TM) is the space of aU horizontal forms 
$ G ri{T*M) satisfying £/$ = l.^. In local coordinates on M we consider then, 
using the bracket { , }^ described in 2.3, 

Cj (J (J 

{n*{dq^ (g) -Q-j),'^*{-g-i:-Q-^)V = {Pidq^,PiP2V = {pi,piP2}dq^ - {q^,pip2}dpi 

^P2dpi, 
d{pidq^,PiP2V = ~dpi A dp2- 

Thus {pidq^ , pip2}^ plus something exact can never be horizontal. D 
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